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Abstract 
A numerical method to evaluate the lateral buckling load of non-prismatic thin-walled straight beams with non-
symmetric cross-section is proposed. For this purpose, the potential energy considering the effects of initial stresses, 
the elastic strain energy, and the work of external forces for non-prismatic thin-walled beam with non-symmetric 
cross-section are derived. Then equilibrium equations and boundary conditions are obtained from the total potential 
energy. Power series approximation is used to solve the fourth –order differential equations of non-prismatic thin-
walled beam with variable geometric parameters and with generalized end conditions. Based on power series 
expansions of displacement components explicit expressions for displacement parameters are derived. And also, it is 
assumed that the functions which describe the beam's variable parameters such as: flexural rigidity and loads can be 
expanded in to power series form. Finally, the lateral buckling loads are determined by solving eigenvalue problem. 
Several numerical examples of non-prismatic thin-walled beams have been presented to verify the accuracy and 
validity of this method, and the obtained results are compared with the finite element solutions using Ansys software 
and other available numerical or analytical approaches.  The method can be applied for the elastic critical buckling 
load of prismatic members as well as non prismatic members.
© 2011 Published by Elsevier Ltd. 
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1. Introduction
The use of variable cross section beam has been increasing in the steel construction industry. This is 
because of their ability to increase stability of structure, and sometimes to satisfy architectural and 
functional requirements in many engineering structures. So, stability analysis of non-prismatic beam with 
general end conditions is of interest to many researchers [5-15].  Closed form solution of differential 
equation governing the bending of the non-prismatic beams [1-4] with variable coefficients is often 
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difficult. In many cases with general variation in the cross-section and general boundary conditions, 
closed form solution is impossible. Many of previous studies have been concerned with uniform cross 
section beams (e.g. [5, 6 and 7]) and only a few studies are on tapered beams (e.g. [8-15] Among the 
recently investigations, the most important ones are the studies of Polyzois and Raftoyiannis [11] and 
Polyzois and Qing [10], which use shell elements to model the web-tapered I beams. 
2. Derivation of Equilibrium Equations 
A thin-walled beam with non-symmetric cross-section subjected transverse forces acting in the Z and Y 
direction that cause an additional bending couples yM  and zM  is considered (Fig.1 (a)). 
The material of non-prismatic thin-walled beam with non-symmetric cross-section is homogenous and 
isotropic. It is also assumed that the beam’s geometrical and material parameters are symmetric relative to 
axis x. The length of the thin-walled beam is lager compared to the dimension of non-symmetric cross-
section. Therefore, the displacements are small, and the shear deformation is negligible. (Fig. 1 (b)) 
shows displacement parameters of thin-walled beams defined at the non-symmetric cross-section in 
which x and y; z are the centroidal and principal axes. U, V, W and T  are the four displacement 
parameters and rotation of O. 
Fig. 1: (a) Thin-walled beam with non-symmetric cross-section, (b) Co-ordinate system and notation for displacement parameters of
the non-prismatic beam  
The three translation displacement components of O can be expressed as: 
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),(),(),,,( txyztxwtzyxW T (3) 
In which U represents the axial displacement at the centroid. Displacement components W and V 
represent lateral and vertical displacement (indirection y and z). The warping function is defined using 
Saint Venant’s torsion theory on the cross section. 
The two components of vertical and lateral displacement at centroid can be replaced by the displacements 
at the shear center C as follows:  
),(),(),( txztxvtxv CC T (4) 
),(),(),( txytxwtxw CC T (5) 
Then, the stress components for isotropic materials are: 
,0,,, 332213121111       231312 WVVJWJWHV GGE (6) 
And the most general case of initial stresses associated with the bending moments My and Mz, and shear 
forces Vy and Vz are considered as: 
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Using Eq. (1) and (4)-(6) the elastic strain energy of a beam can be written as: 
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The substitution of last expression into Eq. (8) leads to the following equation: 
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Using non-linear strain and initial stresses, the potential energy due to effects of the initial stresses can be 
defined: 
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Substituting the strain-displacement relations into Eq. (11), and integration over the cross-section, the 
following equation can be expressed: 
 >   @   dXMMzMzMyMyMvMwM zzyyCzCzl CyCyCzCyG ¸
¹
·ccccc¨
©
§ cccccccc 3 ³ 220 2
1
2
1 TEETTT (12) 
where  
C
Ay
y ydAzyyI
2)(
1 22 ¸¸¹
·
¨¨©
§
 ³³E , C
Az
z zdAzyyI
2)(
1 22 ¸¸¹
·
¨¨©
§
 ³³E (13) 
Let
),,(),,,( zyxPzyxP zy , denotes the distributed forces in structural domain in y and z direction 
respectively, then the work of external forces can be expressed as: 
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The total potential energy of a thin-walled element of length l under consideration can be defined as: 
GE 33 3 -W (15) 
By variation of Eq. (15) with respect to CC wvu ,,  and T  the equilibrium equations for non-prismatic 
thin-walled beam with non-symmetric cross-section are derived as 
0 »¼
º
«¬
ª
dx
duEA
dx
d
(16) 
> @ > @  qM
dx
d
dx
dzEI
dx
dzEI
dx
d
dx
vdEI
dx
d
yzCyCy
C
y  »¼
º
«¬
ª ccc»
¼
º
«
¬
ª
TTT
2
2
2
2
2
2
2
2
2
2
2 (17) 
> @ > @ zyCzCzCz qMdx
d
dx
dyEI
dx
dyEI
dx
d
dx
wdEI
dx
d  »¼
º
«¬
ª ccc»
¼
º
«
¬
ª
TTT
2
2
2
2
2
2
2
2
2
2
2 (18) 
B. ASGARIAN and M. SOLTANI / Procedia Engineering 14 (2011) 1653–1664 1657
 
 
        MM
dx
dșMM
dx
dzMzMyMyM
dx
vdM
dx
wdMxIzzIyy(
dx
dE
dx
vdIzE
dx
wd
Iy(E
dx
vd
Iz(
dx
dE
dx
wd
Iy(
dx
dEx)IzIy(E
dx
dș)IzIy(
dx
dE
dx
dș(GJ)
dx
d
dx
șdIzIyIIE
dx
d
ttzzyyCzCzCyCy
C
z
C
yyCCzCC
C
yC
C
zC
C
yC
C
zCyCzC
yCzCyCzCȦȦ
TEETT
T
T
 »¼
º
«¬
ª cccccccc
¸¸¹
·
¨¨©
§
¸¸¹
·
¨¨©
§
¸
¹
·¨
©
§ cccccc¸¸¹
·
¨¨©
§
cc
¸¸¹
·
¨¨©
§
cc»
¼
º
«
¬
ª
c»
¼
º
«
¬
ª
ccccc
»¼
º
«¬
ª cc»¼
º
«¬
ª»
¼
º
«
¬
ª
 
ˆ
)()2)(
))2)2)(
4
2
2
2
2
2
2
2
2
2
2
2
2
22
22
2
2
22
2
2
(19) 
All variables in the last expression such as  moment of inertia of the beam’s cross section Iz(x) and Iy(x) 
and ȦI  can be presented in power series form as follows: 
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By neglecting Eq. (16) which is corresponding to axial displacement, substituting Eq. (20) into Eq. (17)-
(19) and introducing a new non-dimensional variable
L
x H  , Eq. (17)-(19) can be written as: 
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If the general solution of (Eq. (21)-(23)) is presented by power series of the form 
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Furthermore, introducing new variables: 
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And substituting Eq. (24)-(27) into Eq. (21)-(23) the following equation can be found: 
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with the recurrence formula, the fundamental solution of Eq. (17) to (19) could be obtained 
unambiguously in term of the six constants ( 3210 ,,, cccc ), ( 3210 ,,, bbbb ) and ( 3210 ,,, dddd ) which 
can be determined by imposing the natural boundary conditions.  The general solution of Eq. (17) to (19) 
can be expressed in the following form: 
                 HHHHHHHHH 7362514033221100 CCCCCCCCC vdvdvdvdvbvbvbvbv   (34)
                 HHHHHHHHH 7362514033221100 CCCCCCCCC wdwdwdwdwcwcwcwcw   (35)
Where ),,, (i ,wv CiCi 7....,210 are the fundamental solutions of Eq. (28) to (29). 
Knowing that the first four coefficients ( 3210 ,,, cccc ), ( 3210 ,,, bbbb ) and ( 3210 ,,, dddd ) are 
functions of the displacements DOF, then all the coefficients ,..)6,5,4(  kck , ,..)6,5,4(  kbk , and 
,..)6,5,4(  kdk  are also functions of the displacements DOF. Thus the displacement perpendicular to 
the beam’s axis ( )(HCv and )(HCw ) and the angle of lateral rotation of the cross section ( )(HT ) can be 
obtained as a function of the displacement DOF.   
3. Numerical Example 
In order to check the validity and accuracy of the elastic buckling load computed by present method, a 
comparative study was made with the variable analytical solution of certain types of non- prismatic thin-
walled beam such as tapered beams. This example deals with the linear buckling of web- tapered 
cantilevers with equal or unequal uniform flange, the web height is made to vary linearly along the length 
so that, at the free end of cantilever beams, the height is reduced to half, as shown in figure. (2). The 
lengths of beams vary between 4.0m to 10.0m and the tip load is acting at the mid- line of top flange. 
Table 1 and 2 provide the values of crP  (the linear critical load) obtained by present study, one 
dimensional method proposed by Andrade and Camotim [13], finite element method by means of Ansys 
software, and the relative errors which are given by the expression 100/)( u ' FEMcr
FEM
crcr PPP
for tapered cantilever beam displayed in Fig.2. The beam has been modeled with SHELL63 of Ansys[16]. 
Shell63 has both bending and membrance capabilities. Both in-plane and normal loads are permitted. The 
element has 6 degrees of freedom at each node, translation in the nodal x, y and z directions and rotations 
about the nodal x, y, and z axes. 
Fig. 2: Tapered I-section cantilever beam: geometry, material and loading properties. 
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Table 1: Web tapered cantilevers with equal flanges (Fig.2): elastic critical loads and relative errors. 
)(mL )(KNPcr
(Present study) 
)(KNP FEMcr
(Using Ansys Software) 
)(KNP IDcr [14] (%)'
4.0 44.45 42.96 47.42 3.468343 
6.0 23.09 22.40 23.45 3.080357 
8.0 14.07 13.897 14.21 1.244873 
10.0 9.24 9.17 9.41 0.763359 
Table 2: Web tapered cantilevers with unequal flanges (Fig.2): elastic critical loads and relative errors. 
)(mL )(KNPcr
(Present study) 
)(KNP FEMcr
(Using Ansys Software) 
)(KNP IDcr [13] (%)'
4.0 26.92 25.7 27.98 4.747082 
6.0 15.09 14.88 15.47 1.41129 
8.0 9.642 9.58 9.83 0.647182 
10.0 6.74 6.72 6.73 0.297619 
4. Conclusions 
For the lateral buckling analysis of thin-walled beam with non-symmetric cross-section, the equilibrium 
equations have been derived by using energy method. The boundary conditions have also been defined. 
Finally, power series approximation is used to solve the fourth–order differential equations of non-
prismatic thin-walled beams. On the basis of the preceding discussion the following conclusions can be 
stated:
The total potential principle is used to derive the equilibrium equations of non-prismatic thin-walled 
beams. Exact numerical solution for differential equation of non-prismatic thin-walled beams with non-
symmetric cross-section under general loading, variable moment of inertia, and general boundary 
conditions has been obtained using power series method. The proposed method can be applied in various 
forms of non-prismatic and prismatic members. As demonstrated in the numerical example section, the 
results obtained using the proposed computations are in close agreement to those obtained by other 
analytical and numerical solutions. 
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